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We study the effect of the rotating-wave approximation (RWA) and the secular approximation
(SA) on the non-Markovian behavior in the spin-boson model at zero-temperature. We find that both
the RWA and SA lead to a dramatic reduction in the observed non-Markovianity. In general, non-
Markovian dynamics is observed for the whole relaxation time of the system, whereas the RWA and
SA lead to such dynamics only on the short time scale of the environmental correlation time. Thus,
the RWA and SA are not necessarily justified in the studies of non-Markovianity although they can
estimate the state of the system precisely. Furthermore, we derive an accurate analytical expression
for the non-Markovianity measure without the RWA or SA. This expression yields important insight
into the physics of the problem.
PACS numbers: 03.65.Yz
I. INTRODUCTION
Coupling between an open quantum system and its
environment is typically assumed to lead to Markovian
processes in which information flowing from the open
system to the environment never returns [1, 2]. Al-
though this is the most commonly studied scenario, non-
Markovian processes can have a prominent role under
certain conditions. This can be the case, for example,
if the system–environment coupling is strong, the reser-
voir is structured or has a finite size, or the temperature
is low. Detailed characterization of non-Markovian pro-
cesses is therefore called for, but difficulties in finding
a proper definition for quantum non-Markovianity have
complicated this task considerably. Due to recent ad-
vancements in the definition and quantification of quan-
tum non-Markovianity [3–5], interest in non-Markovian
dynamics of open quantum systems has increased rapidly.
For an overview of topics discussed in this context see,
for example, Refs. [6–20].
A commonly used approximation in the theory of open
quantum systems is the removal of terms that oscillate
fast with respect to some characteristic time scales of
the system. There are two distinct ways to implement
this type of an approximation. One is based on dropping
the rapidly oscillating terms from the interaction picture
Hamiltonian [21, 22], whereas in the other approach these
terms are removed from the interaction picture master
equation for the reduced density operator [1, 23]. In the
following we refer to the former as the rotating-wave ap-
proximation (RWA) and to the latter as the secular ap-
proximation (SA) [1]. In the theory of open quantum
systems, the SA is often used in combination with the
Markov approximation to render the master equation in
the Lindblad form. The validity of the RWA has been
studied by many authors, while that of the SA seems to
have received less attention.
∗ harri.makela@aalto.fi
In the early 1970s Agarwal studied spontaneous emis-
sion from a collection of identical two-level systems, find-
ing that the RWA gives an erroneous frequency shift in
the energy levels of the two-level systems [23–25]. This
problem does not arise if the SA is used [25]. Ford and
O’Connell discovered that, in general, the energy spec-
trum of an RWA Hamiltonian is not bounded from be-
low [26]. Intravaia et al. found that the terms neglected
in the RWA and SA may have experimentally measurable
effects on the dynamics of a quantum harmonic oscilla-
tor [27]. In 2008, Zheng et al. showed that the Zeno
time of the quantum Zeno effect is two orders of mag-
nitude longer and the anti-Zeno effect disappears if the
RWA is not used [28]. In 2012 Larson argued that the
Berry phase appearing in certain cavity quantum electro-
dynamics settings can be considered an artifact resulting
from the use of the RWA [29]. In the same year, Peano
et al. found that the tunneling rate of a parametrically
modulated oscillator can be exponentially increased by
processes caused by terms disregarded in the RWA [30].
In Refs. [31, 32], it was discovered that the SA yields
unphysical results in the context of Cooper pair pumping.
The SA has also been shown to lead to the breaking of
very general conservation laws of some observables [33]
and to spurious effects in the context of environment-
assisted entanglement generation [34]. Further discus-
sion on the RWA and SA and more references are pro-
vided in Ref. [35]. However, no detailed study on the
effect of RWA and SA on non-Markovian behavior ex-
ists. Is non-Markovianity in general as vulnerable to SA
as the conservation of electric charge in the Cooper pair
pump [31–33]?
In this paper, we consider the effects of the RWA and
SA on non-Markovian processes occurring in the spin
boson model at zero temperature. We quantify non-
Markovianity using the trace-distance-based measure de-
fined in Ref. [4] and employ a master equation which has
been derived without using the RWA or SA. The non-
Markovianity arising from this type of a master equa-
tion has been discussed previously in Refs. [16, 17]. In
2Ref. [16], the behavior of the trace-distance-based non-
Markovianity measure as a function of the temperature
of the environment and the parameters of the spectral
density was studied in the context of the spin-boson
model. However, the effects of the RWA and SA were
not considered, which prevented the authors from arriv-
ing at the conclusions of this work. In [17], the trace-
distance-based non-Markovianity measure was compared
with the divisibility-based measure (see [5]) in the spin-
boson model at zero temperature. However, the opti-
mization over initial-state pairs appearing in the defini-
tion of the non-Markovianity measure was not carried
out. In this paper, we perform the optimization and find
out that the value of the measure can be orders of mag-
nitude greater than previously predicted. Strikingly, we
show that the RWA and SA lead to a dramatic reduction
in the value of the measure. This is because the rapidly
oscillating terms omitted in these approximations are re-
sponsible for the major part of non-Markovian dynamics.
Moreover, we illustrate that if these rapidly oscillating
terms are not dropped, an analytical expression for the
value of the non-Markovianity measure can be derived
straightforwardly. With the help of this expression, the
properties of the non-Markovianity measure can be stud-
ied without having to explicitly solve the dynamics of the
system.
This paper is organized as follows. In Sec. II, we define
the Hamiltonian, present the second-order master equa-
tions, and define the spectral densities used in this work.
The dynamical map giving the time evolution of the two-
level system and the complete positivity of this map are
discussed in Sec. III. In Sec. IV, we present the non-
Markovianity measure and calculate its value using the
full master equation and the master equations obtained
using the RWA and SA. We find that in the latter two
cases the value of the measure can be orders of magnitude
smaller than in the former case, which is the main result
of our work. We explain the reason for this reduction
in non-Markovianity in Sec. V, where we derive an an-
alytical formula for the non-Markovianity measure. We
show numerically that this formula estimates the value
of the non-Markovianity measure very precisely. With
the help of the analytical expression, we show that for
certain values of the parameters of the spectral density
the dynamics is Markovian. We also discuss the validity
of the SA and the effects of the Markov approximation.
Finally, in Sec. VI, we summarize our results.
II. HAMILTONIAN AND MASTER
EQUATIONS
We consider a two-level atom with energy level sep-
aration ωA coupled to an environment consisting of
harmonic oscillators. We denote the eigenbasis of the
two-level system by {|0〉, |1〉} and define σˆx = |0〉〈1| +
|1〉〈0|, σˆy = i|0〉〈1|− i|1〉〈0|, and σˆz = |1〉〈1|− |0〉〈0|. The
total Schro¨dinger picture Hamiltonian reads
HˆSch =
ωA
2
σˆz +
∑
k
ωk bˆ
†
kbˆk +
∑
k
σˆx(gk bˆk + g
∗
k bˆ
†
k), (1)
where ∗ indicates the complex conjugate and the terms
on the right-hand side give the system, environment,
and interaction Hamiltonians HˆS , HˆE , and HˆI , respec-
tively. The index k labels the modes of the environment,
ωk is the frequency of the kth oscillator, gk is a mode-
dependent coupling constant, and [bˆk, bˆ
†
l ] = δkl. We set
~ = 1 throughout the paper.
In the interaction picture with respect to HˆS + HˆE ,
the Hamiltonian becomes
HˆInt(t) =
∑
k
gk[e
i(ωA−ωk)tσˆ+ + e
−i(ωA+ωk)tσˆ−]bˆk +H.c.,
(2)
where H.c. denotes the Hermitian conjugate and σˆ± =
(σˆx ± iσˆy)/2. In the limit of a weak interaction between
the open system and the environment, the dynamics is
well described by the second-order time-convolutionless
master equation [1]. We assume that the initial state of
the total system factorizes as ρˆ(0) ⊗ ρˆvacE , where ρˆ(0) is
the initial state of the two-level system and ρˆvacE is the
vacuum state of the environment. The interaction picture
master equation reads
d
dt
ρˆ(t) = i
1
2
gi(t)[σˆz , ρˆ(t)]
+
∑
k=±
fk(t)[σˆk ρˆ(t)σˆ
†
k −
1
2
{σˆ†kσˆk, ρˆ(t)}]
+ ei2ωAtg(t)σˆ+ρˆ(t)σˆ+ + e
−i2ωAtg∗(t)σˆ−ρˆ(t)σˆ−, (3)
where gi is the imaginary part of g and
f±(t) = 2
∫ ∞
0
dω
∫ t
0
ds J(ω) cos[(ω ± ωA)s], (4)
g(t) = 2
∫ ∞
0
dω
∫ t
0
ds J(ω) cos(ωs)e−iωAs. (5)
Here J is the spectral density of the environmental
modes. Note that for the real part of g, denoted by gr,
the equation gr = (f+ + f−)/2 holds.
The RWA corresponds to dropping the terms multi-
plied by e±i(ωA+ωk)t in Eq. (2) and yields the RWA mas-
ter equation,
d
dt
ρˆ(t) = i
1
2
h(t)[σˆz , ρˆ(t)]
+ f−(t)[σˆ−ρˆ(t)σˆ+ − 1
2
{σˆ+σˆ−, ρˆ(t)}], (6)
where h(t) =
∫∞
0
dω
∫ t
0
ds J(ω) sin[(ω −ωA)s]. Although
the dynamics determined by the RWA Hamiltonian can
be solved exactly [1], we have employed the second-order
approach here in order to consistently compare the result-
ing dynamics with those given by Eq. (3). The difference
3between the exact and second-order RWA dynamics is
very small in the weak-coupling limit considered here.
The SA master equation can be obtained by removing
the rapidly oscillating terms from Eq. (3) as described
in Ref. [1]. The calculation of the SA master equation is
straightforward and yields
d
dt
ρˆ(t) = i
1
2
gi(t)[σˆz , ρˆ(t)]
+
∑
k=±
fk(t)[σˆk ρˆ(t)σˆ
†
k −
1
2
{σˆ†kσˆk, ρˆ(t)}]. (7)
It is possible to eliminate the first term on the right-hand
side of Eqs. (3), (6), and (7) by a change of basis [36].
Three important time scales characterizing the dynam-
ics are the environment correlation time τc, the relaxation
time τr, and the characteristic time scale of the intrinsic
evolution of the two-level system
τs =
1
ωA
. (8)
The relaxation time scale is inversely proportional to
the strength of the system-environment interaction. The
precise definition is given in Eq. (18) below. The en-
vironment correlation time τc describes the time after
which f± and g have reached their asymptotic values:
f±(t ≫ τc) ≈ f±(∞) ≥ 0 and g(t ≫ τc) ≈ g(∞). If
t ≫ τc, the RWA and SA master equations are in the
Lindblad form, and the dynamics is Markovian. How-
ever, as we show below, non-Markovian dynamics is pos-
sible at times t ≫ τc if the full master equation (3) is
used.
In this paper, we consider Lorentzian and Ohmic spec-
tral densities. The former is defined as
JL(ω) =
α
2π
λ2
(ω +∆− ωA)2 + λ2 , (9)
where ∆ is the detuning from the energy separation of
the two-level system and λ > 0 characterizes the spectral
width of the coupling and determines the environment
correlation time as τc = 1/λ. The Ohmic spectral density
with Lorentz-Drude cutoff reads
JO(ω) =
α
π
ω
ωA
ω2c
ω2 + ω2c
, (10)
where ωc is the cutoff frequency. The environment cor-
relation time is τc = 1/ωc. In both spectral densities
α characterizes the strength of the system-environment
interaction. The frequency integration is restricted to
non-negative frequencies in Eqs. (4) and (5). However,
in the case of JL, the lower limit can be extended to −∞
as we choose the values of ωA, λ, and ∆ in such a way that
the contribution to the integrals from negative frequen-
cies is negligible compared with the contribution arising
from positives frequencies. We show in Appendix A that
this is the case if ωA −∆ ≫ λ. Expressions for f± and
g corresponding to the Lorentzian and Ohmic spectral
density are given in Appendix A.
III. DYNAMICAL MAP
Before proceeding to quantify non-Markovianity, we
define a map that gives the time evolution of the sys-
tem. This will be used later in the calculation of the
non-Markovianity measure. The solution of Eq. (3) can
be given in terms of a one-parameter family of maps
Φ = {Φt | t ≥ 0}, so that ρˆ(t) = Φt[ρˆ(0)]. We write
the state of the two-level system as
ρˆ(t) =
(
ρ11(t) ρ10(t)
ρ01(t) ρ00(t)
)
, (11)
where ρij = 〈i|ρˆ|j〉. The solution of Eq. (3) can be ex-
pressed as
ρ11(t) =
1
2
{
1 + u(t) + e−Γr(t) [2ρ11(0)− 1]
}
, (12)
ρ00(t) =
1
2
{
1− u(t) + e−Γr(t) [2ρ00(0)− 1]
}
, (13)
ρ10(t) = e
− 1
2
Γ∗(t)[v1(t)ρ10(0) + v2(t)ρ01(0)], (14)
ρ01(t) = e
− 1
2
Γ(t)[v∗1(t)ρ01(0) + v
∗
2(t)ρ10(0)], (15)
where
Γ(t) = Γr(t) + iΓi(t) = 2
∫ t
0
ds g(s) (16)
and u(t) =
∫ t
0
ds eΓr(s)−Γr(t)[f+(s) − f−(s)]. Functions
v1 and v2 are obtained as the solution of the differential
equation
d
dt
v1,2(t) = g(t)e
i[2ωAt−Γi(t)]v∗2,1(t), (17)
with the initial conditions v1(0) = 1, v2(0) = 0. In this
paper, we solve Eq. (17) numerically. From Eqs. (12)-
(15) we observe that the decay rate of the elements of
the density matrix is determined by Γr. Since Γr(t ≫
τc) ≈ 2gr(∞)t, we define the relaxation time as
τr =
1
gr(∞) . (18)
The map Φt giving the state at time t can be given as
ρˆ(t) =
4∑
i=1
Λi(t)Aˆ
†
i (t)ρˆ(0)Aˆi(t), (19)
where
Λ1,2(t) =
1 + e−Γr(t) ∓
√
4|v1(t)|2e−Γr(t) + u(t)2
4
, (20)
Λ3,4(t) =
1− e−Γr(t) ∓
√
4|v2(t)|2e−Γr(t) + u(t)2
4
, (21)
and the labeling is such that an odd (even) subscript
corresponds to − (+). The operators {Aˆi} are defined
in appendix B. To characterize a physically well-defined
4time evolution, the map Φt should be completely positive
and trace preserving (CPT) for any t ≥ 0. Note that
complete positivity implies that ρˆ(t) is positive. The map
Φˆt is CPT if and only if Λi(t) ≥ 0, i = 1, 2, 3, 4, and∑4
i=1 Λi(t)Aˆi(t)Aˆ
†
i (t) = I2, where I2 = |0〉〈0| + |1〉〈1|.
Our numerical checks indicate that Φt is CPT for any t
and any values of the parameters used in this paper.
IV. NON-MARKOVIAN DYNAMICS AND THE
ROTATING-WAVE AND SECULAR
APPROXIMATIONS
In this section, we define the non-Markovianity mea-
sure used in this paper and calculate its value using the
RWA and SA master equations. We compare these val-
ues to the ones obtained using the full master equation
given in Eq. (3). The non-Markovian dynamics obtained
using Eq. (3) will be discussed in more detail in Sec. V.
A. Definition of the non-Markovianity measure
We quantify non-Markovianity using the measure pre-
sented in Ref. [4]. According to the definition of this
measure, Markovian processes lead to the reduction of
the distinguishability of physical states, whereas non-
Markovian processes increase the distingushability. The
distinguishability of arbitrary states ρˆ1 and ρˆ2 at time t
can be quantified by the trace distance
D[ρˆ1(t), ρˆ2(t)] =
1
2
‖ρˆ1(t)− ρˆ2(t)‖1, (22)
where ‖Aˆ‖1 = Tr
√
Aˆ†Aˆ. An open quantum system is
said to exhibit non-Markovian behavior if for some pair
of initial states (ρˆ1(0), ρˆ2(0)) the distance between ρˆ1(t)
and ρˆ2(t) increases at some t, indicating an increase in
the distinguishability:
σ(ρˆ1,2; t) =
d
dt
D [ρˆ1(t), ρˆ2(t)] > 0. (23)
Based on this definition of non-Markovian dynamics, the
total amount of non-Markovianity can be quantified by
N (Φ) = max
ρˆ1,2(0)
1
2
∫ ∞
0
dt
[
|σ(ρˆ1,2; t)|+ σ(ρˆ1,2; t)
]
, (24)
which includes a maximization over all possible initial-
state pairs (ρˆ1(0), ρˆ2(0)). The calculation of N (Φ) can
be simplified by noting that it is sufficient to choose the
two initial states to be orthogonal states that lie on the
boundary of the space of physical states [19].
B. RWA and SA master equations
We write the state of the two-level system as ρˆ =
(I2+λ·σˆ)/2, where the length of the Bloch vector λ is re-
stricted by the equation 0 ≤ ‖λ‖ = √λ · λ ≤ 1. Two nec-
essary conditions for the pair (ρˆ1(0), ρˆ2(0)) to maximize
the non-Markovianity measure are that the Bloch vectors
of these states, denoted by λ1(0) and λ2(0), fulfill the
conditions λ2(0) = −λ1(0) and ‖λ1(0)‖ = ‖λ2(0)‖ = 1
(see Ref. [19]). As we show in Appendix C, for the RWA
and SA master equations the non-Markovianity is maxi-
mized by choosing λ1(0) = −λ2(0) = (0, 0, 1). A similar
result has been previously obtained numerically in the
RWA case in Ref. [4]. The value of the non-Markovianity
measure reads here
N (ΦRWA) = 1
2
∫ ∞
0
dt [|f−(t)| − f−(t)]e−ΓRWA(t), (25)
where ΓRWA(t) =
∫ t
0 dsf−(s). For the SA master equa-
tion we find that (see Appendix C)
N (ΦSA) =
∫ ∞
0
dt [|gr(t)| − gr(t)]e−Γr(t), (26)
where, as mentioned after Eq. (5), gr = (f+ + f−)/2.
Here and in what follows NL and NO refer to the non-
Markovianity measure calculated using the Lorentzian
and Ohmic spectral densities, respectively. For the
Lorentzian spectral density, f+(t) approaches zero with
increasing ωA, so that limτs→0NL(ΦSA) = NL(ΦRWA).
The behavior of NL(ΦSA) and NL(ΦRWA) as a func-
tion of the detuning of the Lorentzian spectral density
is plotted in Fig. 1(a) together with the value of the
non-Markovianity measure obtained using the full master
equation [see Eq. (3)]. Strikingly, the full approach yields
orders of magnitude greater non-Markovianty compared
with that obtained using the RWA or SA. For the Ohmic
spectral density, the destructive effect of the RWA and
SA is even more pronounced: the dynamics is Markovian
if the RWA or SA is used, but the full master equation
yields non-Markovian dynamics, as shown in Fig. 1(b). In
the case of NL(Φ) and NO(Φ), we determine the initial-
state pair maximizing the value of the non-Markovianity
measure numerically.
The huge differences in the values of the non-
Markovianity measures caused by RWA and SA can be
explained by comparing the lengths of the time inter-
vals during which non-Markovian dynamics takes place.
In the case of the RWA and SA master equations, the
length of this time interval is proportional to the cor-
relation time τc, whereas in the case of the full master
equation, it is proportional to the relaxation time τr. In
the weak-coupling limit τr/τc ≫ 1, and consequently, the
value of the non-Markovianity measure is much greater if
the full master equation is used. The effects of the RWA
and SA and the calculation of N (Φ) will be discussed in
more detail in the next section.
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FIG. 1. (Color online) Numerically calculated non-
Markovianity corresponding to the (a) Lorentzian and (b)
Ohmic spectral densities. In (a), the top solid line is obtained
using the full master equation [see Eq. (3)], while the bottom
solid and dashed lines show the non-Markovianity obtained
under the RWA and SA, respectively [see Eqs. (25) and (26)].
In (b), the dynamics is Markovian if the RWA or SA master
equation is used. The reason for the large difference between
N (Φ), andN (ΦSA) andN (ΦRWA) is explained in Sec. V. Here
we have chosen α/ωA = 0.01, and in (a) λ/ωA = τs/τc = 0.1.
V. NON-MARKOVIAN DYNAMICS AND THE
FULL MASTER EQUATION
A. Analytical approximation
We start by showing that if the full master equation
is used, a good approximation for the value of the non-
Markovianity measure can be obtained analytically. The
reason for the large reduction in the non-Markovianity
following from the use of the SA and RWA (see Fig. 1)
will be explained in the course of the derivation of the an-
alytical formula. The key observation used in the analyti-
cal calculation of the non-Markovianity measure is that if
the relaxation time τr is much longer than the correlation
time τc, the main contribution to the non-Markovianity
measure comes from times t ≫ τc. In this time domain
f±(t) ≈ f±(∞), g(t) ≈ g(∞), and explicit time depen-
dence only appears in the master equation (3) through
the terms e±i2ωAt. These terms lead to a σ(ρˆ1,2; t) that
oscillates with frequency 2ωA. In Appendix C we show
that if τr ≫ τc, the Bloch vectors of a pair of states
maximizing the non-Markovianity read
λ
1(0) = −λ2(0) =
(
cos
ξ(0)
2
, sin
ξ(0)
2
, 0
)
, (27)
where the optimal angle ξ(0) ∈ [0, 2π) has to be de-
termined numerically. We denote the σ(ρˆ1,2; t) corre-
sponding to the initial state pair given in Eq. (27) by
σ⊥(ξ(0); t). In Appendix C we show that σ⊥(ξ(0); t) ≈
σana⊥ (ξ(0); t), where
σana⊥ (ξ(0); t) =
e−t/τr
τr
×
{ |g(∞)|
gr(∞) cos[2ωAt+ ξ(t) + θ(∞)]− 1
}
. (28)
Here θ(∞) is defined through the equation g(∞) =
|g(∞)|eiθ(∞) and ξ(t) = ξ(0)− 2gi(∞)t. In Fig. 2(b), we
compare σana⊥ (ξ; t) to the exact, numerically calculated
value σ⊥(ξ; t). The agreement between the numerical
and analytical results is very good at times t ≫ τc. In
Fig. 2(a), we show the time evolution of σ obtained using
the SA master equation. The oscillations in σSA decay
on a time scale determined by the correlation time τc,
which is in stark contrast to the long-lived oscillations
shown in Fig. 2(b). In the latter case the oscillations
decay on a time scale given by the relaxation time τr
[see the inset of Fig. 2(b)]. For the parameters used in
Fig. 2 we have τr/τc ≈ 1494. Consequently, the value of
the non-Markovianity measure is much larger if the full
master equation is used (see Fig. 1).
Using σana⊥ , the time integral appearing in Eq. (24)
can be calculated analytically. In Appendix C we show
that N (Φ) ≈ N ana(Φ), where
N ana(Φ) = ν − arctan(ν)
π
(29)
and
ν =
|gi(∞)|
gr(∞) . (30)
Equation (29) has been obtained under the assumptions
that gr(∞) > 0 and τr ≫ τc, τs. Equation (29) shows
that N ana(Φ) increases monotonously as ν grows and
that the minimum of N ana(Φ), corresponding to Marko-
vian dynamics, is at ν = 0. We will discuss the region
of low non-Markovianity occurring near ν = 0 in more
detail in Sec. VC.
B. Accuracy of the analytical result
In Fig. 3, we compare N ana(Φ) to the exact, numer-
ically obtained value N (Φ). The relative error between
these two results is very small, except for a narrow re-
gion near the minimum of N (Φ). In this region the non-
Markovian dynamics only takes place in the time interval
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FIG. 2. (Color online) (a) The positive values of σ ob-
tained using the SA master equation and the Lorentzian
spectral density. Here α/ωA = 0.01, λ/ωA = 0.10, and
∆/ωA = −0.90. The initial-state pair corresponds to the one
maximizing the non-Markovianity. (b) As in (a), but for the
full master equation. The initial-state pair is that of Eq. (27)
with ξ(0) = pi. The solid blue line gives the exact numerical
solution σ⊥, and the dashed orange line corresponds to the
analytical approximation σana⊥ given in Eq. (28). The bottom
panel shows a magnification of part of the top panel. The
inset gives the maximum value of σ⊥ (calculated over one os-
cillation cycle) as a function of time. It decays on a time scale
given by the relaxation time τr. For the chosen parameters
τr/τc ≈ 1494.
[0, t1], where t1 is on the order of the correlation time τc.
In the derivation of N ana(Φ) the non-Markovianity aris-
ing in this time interval has not been taken into account
properly, resulting in the observed discrepancy between
the numerical and analytical results. Apart from the re-
gion of very low non-Markovianity, the analytical result
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FIG. 3. (Color online) Non-Markovianity calculated using
(a) Lorentzian and (b) Ohmic spectral densities. The or-
ange dotted line shows the analytical result N ana(Φ). The
solid blue line shows the numerically obtained value of N (Φ)
corresponding to α/ωA = 0.01. In (a), we have chosen
λ/ωA = τs/τr = 0.1.
quantifies the value of the non-Markovianity measure ex-
tremely accurately.
We have obtained Eq. (29) by taking the limit of
vanishing system-environment interaction α, correspond-
ing to τr = ∞ (see Appendix C). As shown in Fig. 3,
in the weak-coupling limit the α-independent expression
N ana(Φ) works well. The insensitivity of N ana(Φ) to
the value of α follows from the infinite upper bound of
the time integration in Eq. (24) and the fact that σ⊥
is proportional to (1/τr)e
−t/τr . When τr grows (α de-
creases), the initial amplitude of the oscillations of σ⊥
becomes smaller. This decrease is compensated for by
the slower decay of this amplitude. Due to the infinite
upper bound of the time integral, the net effect of these
two changes is that N ana(Φ) is almost independent of α
in the weak-coupling limit. This independence is lost if
the upper bound of the integration is finite. In Appendix
C we show that the non-Markovianity arising in the time
interval [0, T ] is approximately given by
N ana(Φ;T ) = (1− e−T/τr) N ana(Φ). (31)
This equation has been derived under the assumption
that T ≫ τc. Equation (31) shows that if we decrease
the system-environment interaction, and hence increase
7τr, the amount of non-Markovianity accumulated in the
time interval [0, T ] becomes smaller. This is what one
intuitively expects.
As we argue in Appendix C, the pair of initial Bloch
vectors maximizing the non-Markovianity is of the form
given in Eq. (27) regardless of the values of the param-
eters of the spectral densities. Furthermore, the larger
ν is, the less the non-Markovianity depends on the an-
gle ξ(0) appearing in λ1,2⊥ (0) [see Eq. (27)]. The ξ(0)
dependence is only strong near the minimum of N (Φ),
corresponding to ν = 0. The ξ(0) dependence of N (Φ)
can be explained with the help of Eq. (14). Assume that
ρˆj(0) is the state corresponding to λj⊥(0), j = 1, 2. Thus,
ρ110(0) = −ρ210(0) = 1/2 e−iξ(0)/2, and a straightfor-
ward calculation gives D[ρˆ1(t), ρˆ2(t)] = 2|ρ110(t)|. Using
Eq. (14), one observes that |ρ110(t)|, and consequently
also N (Φ), depends on ξ(0). Note that v1(t) = 1 and
v2(t) = 0 for the dynamical map corresponding to the
RWA or SA master equations, indicating that in these
cases |ρ110(t)| is independent of ξ(0).
C. Region of low non-Markovianity
Figures 1 and 3 show that for both Lorentzian and
Ohmic spectral densities the non-Markovianity is very
small in a certain region of the parameter space. Accord-
ing to Eq. (29), this region consists of those parameter
values for which |gi(∞)|/gr(∞) ≪ 1. As we show next,
the appearance of a region of low non-Markovianity is a
general property of the model considered here.
By calculating the time integral appearing in the
definition of gi(t) [see Eq. (5)], we obtain gi(t) =
2
∫∞
0
dωJ(ω)gi(ω; t), where
gi(ω; t) =
ωA − ωA cos(ωt) cos(ωAt)− ω sin(ωt) sin(ωAt)
ω2 − ω2A
.
(32)
We plot gi as a function of ω for two values of t in Fig. (4).
For t ≫ τs and ω such that |ω − ωA|/ωA ≪ 1, gi is
approximately an odd function of ω − ωA. Furthermore,
the oscillation amplitude of gi decays fast with increasing
|ω−ωA|. Using these properties of gi and assuming that
the spectral density J is an even function of ω−ωA near
ω = ωA, we find that gi(t ≫ τc) ≈ 0. J can typically be
assumed to be an even function of ω − ωA near ω = ωA
if the maximum of J is at ω = ωA. Hence the dynamics
is nearly Markovian if the spectral density is maximized
at a frequency that corresponds to the energy separation
of the two-level system. A similar result was obtained
earlier in Ref. [16].
We show next that for the spectral densities used here,
this condition for the appearance of Markovian dynam-
ics works well. The maximum of JO is at ω = ωA if
ωc = ωA. Setting ωc equal to ωA in the expression
for gi(∞) corresponding to the Ohmic spectral density
[see (A6)] gives gi(∞) = 0, which is in perfect agree-
ment with the above argumentation. The maximum of
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FIG. 4. (Color online) The behavior of gi [see Eq. (32)] as a
function of ω for two values of t (solid and dashed lines). For
comparison, we also show the behavior of the Ohmic (dotted
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the Lorentzian spectral density is at ω = ωA if ∆ = 0.
For this value of ∆, the equations given in Appendix A
yield |gi(∞)|/gr(∞) < λ/2ωA = τs/2τc. In this paper,
we assume that τs/τc ≪ 1 [see the discussion following
Eq. (10)], so that the predicted result is obtained also in
this case.
D. Secular and Markov approximations
It is typically assumed that the SA is justified if the
time scale of the intrinsic dynamics τs is much shorter
than any other time scale in the problem. In the sys-
tem studied here, however, N (Φ) and N (ΦSA) do not,
in general, approach each other even if τs → 0. With
the help of Eqs. (29), (30), and (A6) we find that
N anaO (Φ) increases with decreasing τs. On the other
hand, NO(ΦSA) = NO(ΦRWA) = 0 for any value of
τs. We stress that although the RWA and SA may
lead to accurate description of the density operator, non-
Markovianity is described by a temporal integral, and
hence apparently negligible errors in the state may ac-
cumulate and have serious consequences. This type of
behavior is similar to the general framework considered
in Ref. [33], in which the SA has been observed to lead
to contradicting results for a temporal integral of oper-
ator current and the corresponding temporal change in
the expectation value of the operator.
The Markov approximation is commonly used in the
derivation of Lindblad-form master equations [1]. In our
case, it corresponds to extending the upper bound of
the integral over s to infinity in Eqs. (4) and (5). In
other words, f±(t) is replaced with f±(∞) and g(t) with
g(∞). The same replacements are used in the deriva-
tion of N ana(Φ). It follows that the Markov approxi-
8mation leaves the non-Markovianity unaffected as long
as N ana(Φ) can be assumed to be a good estimate for
N (Φ). In the case of the RWA and SA master equations
the situation is different; the dynamics becomes Marko-
vian if the Markov approximation is used.
VI. CONCLUSIONS
The main result of this paper is that the RWA and
SA can lead to a dramatic reduction in the amount of
non-Markovianity detected by a commonly used non-
Markovianity measure. Hence, although the RWA and
SA are often considered to be justifiable approxima-
tions, they should be used with caution if quantifying
non-Markovianity is of interest. We obtained this result
by considering an open quantum system consisting of a
two-level system interacting weakly with a bosonic zero-
temperature environment. We showed that the rapidly
oscillating terms that are neglected in the RWA and SA
contribute to non-Markovian dynamics during the whole
relaxation time of the system, whereas if the RWA or
SA is used, non-Markovian dynamics takes place only
in a time interval whose length is on the order of the
reservoir correlation time τc. In the limit of a weak
system-environment interaction, the correlation time is
very short in comparison with the relaxation time. Con-
sequently, the amount of non-Markovianity can be orders
of magnitude greater if the full master equation is used
instead of the RWA or SA master equation.
Without employing the RWA and SA, we derived an
analytical expression for the non-Markovianity measure
for a general spectral density. Remarkably, this expres-
sion can be given in terms of the asymptotic t → ∞
values of the coefficients of the master equation, with-
out solving the dynamics of the system. Since knowing
the asymptotic values is sufficient, the Markov approx-
imation has a negligible effect on the non-Markovianity
if neither the RWA nor the SA is employed. We con-
firmed the validity of the analytical formula for non-
Markovianity numerically. With the help of this ana-
lytical result, we showed that, generally, the Lorentzian
and Ohmic spectral densities lead to nonvanishing non-
Markovianity. However, the dynamics is approximately
Markovian if the value of the spectral density is maxi-
mized at a frequency corresponding to the energy sep-
aration of the two-level system. We argued that this
a general phenomenon that occurs for a large class of
spectral densities. We also found that the value of the
non-Markovianity measure depends only very weakly on
the strength of the system-environment interaction in the
weak-coupling limit. We showed that this results from
the infinite upper bound of the time integral appearing
in the definition of the non-Markovianity measure.
We argued that the pair of initial states maximizing the
non-Markovianity corresponds to two antipodal points on
the equator of the Bloch sphere. This is in contrast to the
case of the RWA and SA master equations that lead to
maximal non-Markovianity if the points are at the poles
of the Bloch sphere. Furthermore, the non-Markovianity
of the dynamics depends on the initial phases of the off-
diagonal elements of the density operators.
In the future, it will be interesting to apply the ana-
lytical approach presented in this paper to other models
where the RWA and SA have not been used. For ex-
ample, it should be possible to reproduce the numerical
results of Ref. [16] using analytical means.
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Appendix A: COEFFICIENTS OF THE MASTER
EQUATION
For the Lorentzian spectral density, the functions ap-
pearing in the master equation (3) read
f−(t) =2πJL(ωA)
×
{
1− e−λt
[
cos(∆t)− ∆
λ
sin(∆t)
]}
, (A1)
f+(t) =f−(t)
∣∣∣
∆→∆−2ωA
, (A2)
gi(∞) =π
[
−∆
λ
JL(ωA) +
∆− 2ωA
λ
JL(−ωA)
]
, (A3)
and gr(t) = [f−(t) + f+(t)]/2. The expression for gi(t) is
very long and hence is not shown here. In the calculation
of Eqs. (A1)–(A3), we have extended the lower bound of
the frequency integral to −∞. This can be done if JL(0)
is much smaller than the maximum value α/2π of JL, so
that the contribution to the integrals from the frequency
range (−∞, 0) is small compared with the contribution
arising from the range [0,∞). It is straightforward to
see that JL(0) ≪ α/2π if ωA −∆ ≫ λ. The expressions
for f±(t) and g(t) corresponding to the Ohmic spectral
density are very long and are therefore not given here.
The asymptotic values of these functions read
f−(∞) = 2πJO(ωA), (A4)
f+(∞)≪ f−(∞), (A5)
g(∞) = πJO(ωA)
[
1− i 2
π
ln
(
ωA
ωc
)]
. (A6)
9Appendix B: DYNAMICAL MAP
The operators {Aˆj} appearing in Eq. (19) are defined
as
Aˆj(t) =


wj(t)I2 + σˆz√
1 + |wj(t)|2
, j = 1, 2,
iwj(t)σˆx + σˆy√
1 + |wj(t)|2
, j = 3, 4,
(B1)
where
wj(t) =


(−1)j
√
1
4u
2(t) + |p1(t)|2 + p1,r(t)
1
2u(t) + ip1,i(t)
, j = 1, 2,
(−1)j
√
1
4u
2(t) + |p2(t)|2 + p2,r(t)
1
2u(t) + ip2,i(t)
, j = 3, 4,
(B2)
and pk(t) = pk,r(t) + ipk,i(t) = e
−Γ(t)v∗k(t), k = 1, 2.
Appendix C: CALCULATION OF THE
NON-MARKOVIANITY MEASURE
1. RWA and SA master equations
We consider first the SA master equation. We denote
the Bloch vector of ρˆj by λ
j and define
δλ(t) = λ1(t)− λ2(t). (C1)
Using this, we obtain
σ(ρˆ1,2; t) =
d
dt
1
2
‖δλ(t)‖, (C2)
where ‖δλ(t)‖ =√δλ(t) · δλ(t). The solution of the SA
master equation can be obtained by setting Γi(t) = 0,
v1(t) = 1, and v2(t) = 0 in Eqs. (14) and (15). This gives
δλx,y(t) = e
−Γr(t)/2δλx,y(0) and δλz(t) = e
−Γr(t)δλz(0).
Using these equations and Eq. (C2), we obtain
σSA(δλ(0); t) = −gr(t)
2
‖δλ(t)‖
[
1 +
e−2Γr(t)δλz(0)
2
‖δλ(t)‖2
]
,
(C3)
where
‖δλ(t)‖2 = e−Γr(t)[‖δλ(0)‖2 + (e−Γr(t) − 1)δλz(0)2].
(C4)
Only positive values of σSA contribute to N (ΦSA). As
is evident from Eq. (C3), σSA(δλ(0); t) is only positive
if gr(t) < 0. In Ref. [19], it has been shown that the
initial-state pair maximizing the non-Markovianity cor-
responds to two antipodal points on the Bloch sphere.
This implies that ‖δλ(0)‖ = 2. For any fixed t yield-
ing a negative gr(t), the value of σSA(δλ(0); t) is max-
imized either at |δλz(0)| = 0, at |δλz(0)| = 2, or at
|δλz(0)| = δλz;0, where δλz;0 is a point where the deriva-
tive of σSA(δλ(0); t) with respect to |δλz(0)| vanishes.
Straightforward calculation shows that |δλz(0)| = 2 is
the correct choice irrespective of the value of t. The non-
Markovianity is thus maximized by
σSA(|δλz(0)| = 2; t) = −2gr(t)e−Γr(t). (C5)
In the case of the RWA master equation, the calculation
proceeds similarly, with the exception that 2gr = f++f−
is replaced with f− and Γr with Γ
RWA.
2. Full master equation
In terms of the components of the Bloch vector, the
master equation (3) reads
λ˙x(t) =− gr(t)λx(t) + |g(t)| cos[2ωAt+ θ(t)]λx(t)
− 2|g(t)| cos[ωAt+ θ(t)] sin(ωAt)λy(t), (C6)
λ˙y(t) =− gr(t)λy(t)− |g(t)| cos[2ωAt+ θ(t)]λy(t)
− 2|g(t)| sin[ωAt+ θ(t)] cos(ωAt)λx(t), (C7)
λ˙z(t) =f+(t)− f−(t)− 2gr(t)λz(t), (C8)
where the angle θ is defined through the equation g(t) =
|g(t)|eθ(t). With the help of these equations and Eqs.
(C1) and (C2), we have
σ(ρˆ1,2; t) =
‖δλ(t)‖
2
{
− gr(t)
[
1 +
δλz(t)
2
‖δλ(t)‖2
]
+ |g(t)| cos[2ωAt+ θ(t) + ξ(t)]
[
1− δλz(t)
2
‖δλ(t)‖2
]}
, (C9)
where
ξ(t) = sgn[δλx(t)δλy(t)] arccos
[
δλx(t)
2 − δλy(t)2
δλx(t)2 + δλy(t)2
]
.
(C10)
We discuss next the initial-state pair maximizing the non-
Markovianity. We assume that gr(∞) > 0 and divide
the discussion into two parts, based on the value of the
quantity
µ =
|g(∞)|
gr(∞) ≥ 1. (C11)
a. The case of µ = 1
Assume first that µ = 1. In this case Eq. (C9) is
negative or zero if t ≫ τc. Non-Markovian dynamics is
thus possible only during a time interval [0, t1], where t1
is on the order of the correlation time. For the Ohmic
spectral density gr(t) is always non-negative, and conse-
quently, the first term inside the curly braces in Eq. (C9)
is maximized by choosing δλz(0) = 0, so that δλz(t) = 0.
The same choice maximizes the second term inside the
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braces [we assume that t is such that this term is positive;
if it were negative, σ(t) would also be negative]. Using
Eqs. (12)–(15), we find that δλx,y(t) ∝ e−Γr(t)/2 and
δλz(t) ∝ e−Γr(t). Because δλz decays faster than δλx,y,
the overall factor in Eq. (C9) is also maximized by set-
ting δλz(0) = 0. In conclusion, as the largest possible
value for the norm is ‖δλ(0)‖ = 2, the non-Markovianity
is maximized by choosing δλ(0) = δλ⊥(0), where
δλ⊥(0) = 2
(
cos
ξ(0)
2
, sin
ξ(0)
2
, 0
)
, ξ(0) ∈ [0, 2π).
(C12)
For the Lorentzian spectral density gr(t) can be positive
or negative, depending on the values of the parameters
of the spectral density. However, we checked numeri-
cally that gr(t) is non-negative for those parameter val-
ues for which µ = 1. As a consequence, an initial-state
pair of the form given in Eq. (C12) maximizes the non-
Markovianity also in this case.
We denote by σ⊥(ξ(0); t) the value of σ(ρˆ1,2; t) ob-
tained by choosing the initial states as in Eq. (C12),
σ⊥(ξ(0); t) = −‖δλ⊥(t)‖
2
×
{
gr(t)− |g(t)| cos[2ωAt+ θ(t) + ξ(t)]
}
. (C13)
For both spectral densities, the value of the angle ξ(0)
maximizing the non-Markovianity has to be determined
numerically.
b. The case of µ > 1
If µ > 1, non-Markovian dynamics is also possible if
t ≫ τc. It is straightforward to show that the non-
Markovianity is maximized in the time domain t ≫ τc
by the initial-state pair given in Eq. (C12). For a gen-
eral spectral density, this state pair does not necessar-
ily maximize the non-Markovianity in the time domain
[0, t1], where t1 is on the order of τc. However, if the re-
laxation time τr is much longer than the correlation time
τc, the contribution to the integral in Eq. (24) from the
time interval [0, t1] can be assumed to be negligible com-
pared to the contribution resulting from times t ≫ τc.
The initial-state pair maximizing the non-Markovianity
can thus be assumed to be of the form shown in Eq.
(C12).
For t much greater than the correlation time, we have
f±(t) ≈ f±(∞), |g(t)| ≈ |g(∞)|, θ(t) ≈ θ(∞), and Γ(t) ≈
2g(∞)t. Furthermore, v1(t) ≈ 1 and v2(t) ≈ 0. These
approximations yield
δλ⊥(t) ≈ 2e−t/τr
(
cos
ξ(t)
2
, sin
ξ(t)
2
, 0
)
, (C14)
where ξ(t) = ξ(0) − 2gi(∞)t. We denote the σ obtained
using Eq. (C14) by σana⊥ . Equations (C13) and (C14)
give
σana⊥ (ξ(0); t) =
e−t/τr
τr
{µ cos [2ωAt+ θ(∞) + ξ(t)] − 1} .
(C15)
The value of Eq. (C15) is positive for every t ∈ (t−n , t+n ),
where
t±n =
2nπ − θ(∞)− ξ(0)± arccos
(
1
µ
)
2[ωA − gi(∞)] . (C16)
and n = 0, 1, 2, . . .. Using Eqs. (C15) and (C16), we find
that
1
2
∫ ∞
0
dt [|σana⊥ (t)|+ σana⊥ (t)] = eǫ[π+θ(∞)+ξ(0)]
× ǫ cosh[ǫ arcsec(µ)]
√
µ2 − 1− sinh[ǫ arcsec(µ)]
sinh(ǫπ)(1 + ǫ2)
(C17)
=
√
µ2 − 1− arcsec(µ)
π
{1 + [π + θ + ξ(0)]ǫ}+O(ǫ2),
(C18)
where
ǫ =
1
2τr[ωA − gi(∞)] ∝
α
ωA
. (C19)
In the case of a very weak system-environment interac-
tion (or, equivalently, τr ≫ τs), it is enough to include
only the lowest-order term in Eq. (C18). This gives
N (Φ) ≈ N ana(Φ), where
N ana(Φ) =
√
µ2 − 1− arcsec(µ)
π
. (C20)
Note that this equation is independent of the angle ξ(0)
appearing in Eq. (C12). Defining ν = |gi(∞)|/gr(∞), we
can write N ana(Φ) in the form given by Eq. (29).
It may sometimes be of interest to quantify the non-
Markovianity accumulated during a time interval [0, T ],
where T is finite. On the lines of the above calculation,
we obtain
N ana(Φ;T ) = (1 − e−T/τr) N ana(Φ), (C21)
where T ≫ τc. In obtaining this equation we have taken
the limit ǫ→ 0, keeping T/τr fixed.
11
[1] H.-P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press, Oxford,
2007).
[2] U. Weiss, Quantum Dissipative Systems, (World Scien-
tific, Singapore, 2008).
[3] M. M. Wolf, J. Eisert, T. S. Cubitt, and J. I. Cirac, Phys.
Rev. Lett. 101, 150402 (2008).
[4] H.-P. Breuer, E.-M. Laine, and J. Piilo, Phys. Rev. Lett.
103, 210401 (2009).
[5] A´. Rivas, S. F. Huelga, and M. B. Plenio, Phys. Rev.
Lett. 105, 050403 (2010).
[6] E.-M. Laine, J. Piilo, and H.-P. Breuer, Phys. Rev. A 81,
062115 (2010).
[7] D. Chrus´cin´ski and A. Kossakowski, Phys. Rev. Lett.
104, 070406 (2010).
[8] X.-M. Lu, X. Wang, and C. P. Sun, Phys. Rev. A 82,
042103 (2010).
[9] D. Chrus´cin´ski, A. Kossakowski, and A. Rivas, Phys.
Rev. A 83, 052128 (2011).
[10] T. J. G. Apollaro, C. Di Franco, F. Plastina, and M.
Paternostro, Phys. Rev. A 83, 032103 (2011).
[11] P. Haikka, J.D. Cresser, and S. Maniscalco, Phys. Rev.
A 83, 012112 (2011).
[12] M. Zˇnidaricˇ, C. Pineda, and I. Garc´ıa-Mata, Phys. Rev.
Lett. 107, 080404 (2011).
[13] B.H. Liu, L. Li, Y.-F. Huang, C.-F. Li, G.-C. Guo, E.-
M. Laine, H.-P. Breuer, and J. Piilo, Nat. Phys. 7, 931
(2011).
[14] L. Mazzola, C. A. Rodr´ıguez-Rosario, K. Modi, and M.
Paternostro, Phys. Rev. A 86, 010102(R) (2012).
[15] C. A. Rodr´ıguez-Rosario, K. Modi, L. Mazzola, and A.
Aspuru-Guzik, EPL 99, 20010 (2012).
[16] G. Clos and H.-P. Breuer, Phys. Rev. A 86, 012115
(2012).
[17] H. S. Zeng, N. Tang, Y. P. Zheng, and T. T. Xu, Eur.
Phys. J. D 66, 255 (2012).
[18] W.-M. Zhang, P.-Y. Lo, H.-N. Xiong, M. W.-Y. Tu, and
F. Nori, Phys. Rev. Lett. 109, 170402 (2012).
[19] S. Wißmann, A. Karlsson, E.-M. Laine, J. Piilo, and H.-
P. Breuer, Phys. Rev. A 86, 062108 (2012).
[20] B. Bylicka, D. Chrus´cin´ski, and S. Maniscalco,
arXiv:1301.2585.
[21] D. F. Walls and G. J. Milburn, Quantum Optics
(Springer, Berlin, 1994).
[22] M. O. Scully and M. S. Zubairy, Quantum Optics (Cam-
bridge University Press, Cambridge, 1997).
[23] G. S. Agarwal, Quantum Statistical Theories of Sponta-
neous Emission and Their Relation to Other Approaches
(Springer, Berlin, 1974).
[24] G. S. Agarwal, Phys. Rev. A 4, 1778 (1971).
[25] G. S. Agarwal, Phys. Rev. A 7, 1195 (1973).
[26] G. W. Ford and R. F. O’Connell, Phys. A 243, 377
(1997).
[27] F. Intravaia, S. Maniscalco, and A. Messina, Eur. Phys.
J. B 32, 97 (2003).
[28] H. Zheng, S. Y. Zhu, and M. S. Zubairy, Phys. Rev. Lett.
101, 200404 (2008).
[29] J. Larson, Phys. Rev. Lett. 108, 033601 (2012).
[30] V. Peano, M. Marthaler, and M. I. Dykman, Phys. Rev.
Lett. 109, 090401 (2012).
[31] J. P. Pekola, V. Brosco, M. Mo¨tto¨nen, P. Solinas, and A.
Shnirman, Phys. Rev. Lett. 105, 030401 (2010).
[32] P. Solinas, M. Mo¨tto¨nen, J. Salmilehto, and J. P. Pekola,
Phys. Rev. B 82, 134517 (2010).
[33] J. Salmilehto, P. Solinas, and M. Mo¨tto¨nen, Phys. Rev.
A 85, 032110 (2012).
[34] F. Benatti, R. Floreanini, and U. Marzolino, Phys. Rev.
A 81, 012105 (2010).
[35] C. Fleming, N. I. Cummings, C. Anastopoulos, and B.
L. Hu, J. Phys. A 43, 405304 (2010).
[36] The value of the non-Markovianity measure used in this
paper is invariant in transformations of the form ρˆ(t)→
ˆ˜ρ(t) = Uˆ(t)ρˆ(t)Uˆ†(t), where Uˆ(t) is unitary. This invari-
ance can be used to eliminate the first term on the right
hand side of the master equations (3), (6), and (7). By
defining Uˆ(t) = e−iδ(t)
1
2
σˆz , where δ(t) =
∫
t
0
ds h(s), the
master equation (6) becomes d
dt
ˆ˜ρ(t) = f−(t)[σˆ− ˆ˜ρ(t)σˆ+ −
1
2
{σˆ+σˆ−, ˆ˜ρ(t)}]. Similarly, by replacing h with gi in the
definition of δ, the SA master equation [Eq. (7)] can
be cast in the form d
dt
ˆ˜ρ(t) =
∑
k=± fk(t)[σˆk
ˆ˜ρ(t)σˆ†
k
−
1
2
{σˆ†
k
σˆk, ˆ˜ρ(t)}] and the full master equation [Eq. (3)] be-
comes d
dt
ˆ˜ρ(t) =
∑
k=± fk(t)[σˆk
ˆ˜ρ(t)σˆ†
k
− 1
2
{σˆ†
k
σˆk, ˆ˜ρ(t)}] +
e2i[ωAt−δ(t)]g(t)σˆ+ ˆ˜ρ(t)σˆ+ + e
−2i[ωAt−δ(t)]g∗(t)σˆ− ˆ˜ρ(t)σˆ−.
